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Continuum Design Sensitivity of Transient
Responses Using Ritz and Mode
Acceleration Methods

Semyung Wang* and Kyung K. Choit
University of Iowa, lowa City, lowa 52242

In this paper, a unified continuum-based sizing design sensitivity analysis method is developed for the
transient dynamic response of built-up structures. Using the direct differentiation method, the variational
equation of the built-up structure is differentiated with respect to the design variable to obtain a vari-
ational design sensitivity equation of the transient response. The same finite element analysis model that
is used to obtain an approximate solution of the variational equation of the built-up structure is also used
to obtain an approximate solution of the variational design sensitivity equation. For large-size built-up
structures, the same superposition method is used both to reduce the dimension of the matrix equation
of the built-up structure and also to reduce the dimension of the design sensitivity equation. The con-
tinuum-based design sensitivity analysis method can be implemented outside established finite element
analysis codes using postprocessing data since it does not require derivatives of the stiffness, damping,
and mass matrices. Moreover, the method is efficient since it does not require derivatives of basis vectors.
Either the Ritz or mode acceleration method is used to further improve accuracy and efficiency of both
analysis and sensitivity results. An example with damping shows that accurate design sensitivity of point-
wise transient displacements is obtained using only 10% of basis vectors. This example indicates that in
the continuum-based design sensitivity analysis method the same basis vectors that are used for analysis

of the built-up structure are suitable for analysis of the design sensitivity equation.

I. Introduction

INCE a number of design iterations are required in design

optimization of large-scale built-up structures, develop-
ment of an efficient method is especially desirable for transient
dynamic analysis and optimization. To achieve this goal, a
large amount of research has been carried out in the areas of
structural dynamic analysis and design sensitivity analysis dur-
ing the last 20 years. In structural dynamic analysis, substan-
tial improvements have been made for efficiently obtaining
transient dynamic response using the mode acceleration method
(MAM),'” the load dependent Ritz vector (LDRV) meth-
0d,>® and the Lanczos algorithm.7'9 The MAM is a variation
of the mode displacement method (MDM) in which a truncated
set of eigenvectors is used as a basis to compensate for the
effect of neglected high-frequency modes. For the LDRV
method, proposed by Wilson et al.,* a sequence of orthogonal
Ritz vectors is used. The LDRVs are generated from the ex-
ternally applied load and are orthonormalized using the Gram-
Schmidt orthogonalization procedure. Thus LDRVs can be
generated at a fraction of the cost that is required to calculate
eigenvectors. The LDRV method has the same effect as MAM
since its initial vector is static deflection of the structure. Kline*
extended the use of LDRVs to the construction of a basis by
combining these vectors with eigenvectors. When some ei-
genvectors are already available, it is easy to increase the ac-
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curacy of analysis results by adding a few LDRVs to the basis.
Kline claimed that, based on residual errors, the best possible
basis may be a combination of eigenvectors and LDRVs. Leger
et al.’ proposed a modified version of the LDRV method, called
the Leger-Wilson-Yuan-Dickens (LWYD) algorithm, which
eliminates loss of orthogonality, as in the Lanczos method.
The Lanczos vectors are identical to LDRVs with the same
initial vector but the Lanczos algorithm originates from math-
ematics, whereas the LDRV method arises from engineering.

In structural design sensitivity analysis (DSA) of the static
response and eigenvalue, very good accuracy and efficiency
have been achieved using a continuum DSA method. A nu-
merical method has been developed to evaluate continuum DSA
results outside established finite element analysis (FEA) codes
using postprocessing data only.'®* Derivatives of stiffness and
mass matrices are not required in the continuum DSA method.
However, structural DSA of transient dynamic response has
not been well developed yet.

In this paper, a unified continuum-based sizing DSA method
is proposed for the transient dynamic response of built-up
structures using the direct differentiation method. The pro-
posed method utilizes LDRVs, the MAM, the superposition
method, and a parallel computing environment. It should be
noted that use of the superposition method is necessary to ob-
tain transient dynamic response of large-scale built-up struc-
tures efficiently.

In the continuum-based DSA method, the continuum model
of the built-up structure is differentiated with respect to design
variable u to obtain a variational equation of design sensitivity
7' of the transient response z. Just as the transient response z
of the large-scale built-up structure is approximated using the
superposition method, design sensitivity z' is represented using
a linear combination of the same basis vectors. The reduced
governing equation for z' is then solved using the direct in-
tegration method.

There are several very attractive features in the proposed
continuum-based DSA method. First, as in the static response
and eigenvalue cases, the continuum-based DSA method can
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be implemented outside established FEA codes using postpro-
cessing data since it does not require derivatives of stiffness,
damping, and mass matrices.'”'* Second, the method is ef-
ficient because design sensitivity z’' can be obtained without
computing derivatives of basis vectors. Third, the method is
efficient since LDRVs, instead of eigenvectors, are used to
form a basis.’* Moreover, as mentioned before, the use of
LDRVs improves the accuracy of analysis results.”® Fourth,
if necessary, more LDRVs can be added to the basis to rep-
resent design sensitivity z’, thereby improving the accuracy of
design sensitivity results without significantly increasing the
computation time. Also, a smaller time step can be used for
analysis of the sensitivity equation of z’ if necessary. If the
MAM was used for the original analysis, it can be used to
obtain design sensitivity. Last, the direct differentiation method
is more attractive for DSA of transient dynamic response since
it is not necessary to store the transient response of the built-
up structure during forward integration and to use it during
backward integration as in the adjoint variable method." The
continuum-based DSA method is well suited for built-up struc-
tures with nonproportional damping since the combination of
mode superposition and direct integration methods is known
to be the most efficient method for these types of structures.
The dimension of the system equation is reduced by the su-
perposition method, and errors due to coupling are eliminated
by the direct integration method.

II. Variational Equation for Structural Dynamics

The equation of dynamics for a built-up structure can be
written in the form'

mix,u)z, + c(x,u)z, + Az = flx,tuw), x€Q, t=0 (1)
with initial conditions
2(x,0,u) = 2°(c,u),  z(x,0,u) = (x,w), xEQ (2

where () is the domain of the structure; ¢ the time, u the design
variable; z(x,z,u) the transient response; m(x,u) and c(x,u), which
represent mass and damping effects in the structure, respec-
tively, are taken to be design dependent; and f(x,t,u) is the
applied dynamic load. The operator A, is a spatial partial dif-
ferential operator, and the design variable u(x) is independent
of time. Also, z(x,t,u) must satisfy homogeneous boundary
conditions specified for the built-up structure.

A variational form of Eq. (1) can be obtained by multiplying
both sides by an arbitrary virtual displacement Z(x) and inte-
grating over the physical domain

f f Zim(x,u)z, + c(x,u)z, + A,z] dQ
0

=ff o, tu)dQ, t=0 3y
a

Using the energy bilinear forms, load linear form, and bound-
ary conditions of the built-up structure, Eq. (3) can be re-
written as

d(z,,2) + J’ J’ Ze(x, )z, dQ + a,(z,2) = 1(2), t=0 &)
o

which must hold for all kinematically admissible virtual dis-
placements 7 € Z. In Eq. (4),

d(z,,2) = f j Zm(x,u)z, dS) 5)
O
a(z,2) = f f 7A,z dQ (6)
Q
(2= J f Zf(x,t,u) dQ @
0

are the kinetic and strain energy bilinear forms and the load
lincar form, respectively.

III. Approximate Dynamic Analysis

Since analytical solutions of Eq. (4) cannot be obtained for
complex structures, an FEA method is usually used for an ap-
proximate solution. Using the FEA method, the approximate
matrix equation of Eq. (4) is

Mzt + CZ(r) + Kz(t) = F(1) ®)

for t = 0, where M, C, and K are n X n mass, damping, and
stiffness matrices, respectively, and F(¢) is the external load
vector. Initial conditions z(0) and Z(0) can be obtained by eval-
uating the initial conditions of Eq. (2) at nodal points. The
notation z(?) is used in Eq. (8) even though the n X 1 vector
z(?) is a discretization of the transient response z(x,#,u) of Eq. (4).

For practical computation for large built-up structures, de-
pending on the basis used, the transient response is approxi-
mated by a linear combination of eigenvectors and/or Ritz
vectors using the MDM, MAM, and LDRV methods. In ap-
proximating the transient response, z(f) is

m

21) = 3, v’ = dv(r) ©

i=1

where m < n, ® = [q&',(bz,.‘. -,¢"], and v() € R™. In Eq. (9),
¢' can be the eigenvector y' or the Ritz vector # such that

Ky' = My (10)
Y My = r'Mr = ¢’ M$ = 5, (11)

where §; is the Kronecker delta. Thus, ®"M®P = I. Substitut-
ing Eq. (9) into Eq. (8) and premultiplying the resulting matrix
equation by @7,

W(t) + ®TCPy(r) + PKDv(r) = OTF(r) (12)
for t = 0, with initial conditions
v(0) = ®'™M=z(0), wO0) = Mz (0) (13)

which can be obtained from Eq. (9). Note that Eq. (12) is an
ordinary differential equation. Once the solution »(r) of Eq.
(12) is obtained, the approximate transient response z(z) can
be obtained from Eq. (9). If all of the ¢’ are eigenvectors, then
the MDM or MAM is applicable. On the other hand, if all ¢'
are Ritz vectors, then the LDRV method is applicable. For the
Kline method, ¢' is a combination of eigenvectors y' and Ritz
vectors r'.

IV. Continuum Design Sensitivity Analysis

For DSA of the transient dynamic response of structural sys-
tems, two methods are generally used: the direct differentia-
tion and adjoint variable methods.'>~*® The latter method has
been more commonly used because it can handle a large num-
ber of design variables; however, it suffers from a few draw-
backs when used for the transient dynamic response of built-
up structures. First, during forward integration of the state
equations, information must be saved to be retrieved at an ap-
propriate time step during the backward integration of the ad-
joint equations. Another drawback of the method is the dif-
ficulty of positive error control during numerical integration
of the state and adjoint equations. Since backward integration
can be started after forward integration is completed, it is hard
to estimate how the error in the forward integration will influ-
ence the solution during the following backward integration.

With the development of parallel computing techniques, the
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Fig. 1 Truss/beam structural component.

Fig. 2 Plane elastic solid/plate structural component.

direct differentiation method has become attractive since each
set of sensitivity equations corresponding to a design variable
is independent and can be assigned to a processor in a parallel
computer. The adjoint variable method, on the other hand, is
not suitable for parallel computing because of the sequential
computation procedure and data dependency during the for-
ward and backward integration.

In this section, a continuum-based DSA method for transient
dynamic response that does not require design sensitivity of
basis vectors is proposed. In this method, approximation is not
involved until a variational equation for z’ is obtained. This
approach is computationally attractive since derivatives of the
basis vectors are not required. The proposed method is appli-
cable for any analysis method, such as the MDM, MAM, and
LDRYV methods, since only the basis vectors and the corre-
sponding responses are required in this design sensitivity
formulation.

Take the design variation of Eq. (4) to obtain

déu(zmz_) + du(Z,,,Z_) + f[ [z'c‘,,z,Bu + Z-CZ,’] dQ
o]

+ a3(2,2) + a(2',2) = lz(2), t=0 (14)

for all Z € Z where the subscript u in ¢, denotes partial dif-
ferentiation with respect to the design variable u. In Eq. (14),

d
z' =7 (x,t,u) = g— 2(x,tu + T8U)|,=g (15)
T

is the first variation of z with respect to the design variable u
in the direction du of the design change. Also, from Eq. (2),

2'(x,0,u) = 2% (),  z(x,0,u) = 2{'(x,u) (16)

where z'(x,1,u) satisfies the same homogeneous boundary con-
ditions as z(x,t,u). Rearranging Eq. (14),

dz;,2) + f f Zez/dQ + a(2',2) = —d5,(24,2)
Q

- J'J' zc z,8u dQ — a3 (z,2) + (D), t=0 a7
Q

for all z € Z. Equation (17) is a variational equation with de-
sign sensitivity z'(x,t,u) as the unknown. That is, if the so-
lution z(x,z,u) of Eq. (4) is obtained, the right side of Eq. (17)
can be computed to obtain the fictitious load.

Just as with the continuum equation (4), since the analytical
solution of Eq. (17) cannot be obtained for complex structures,
the FEA method is used for an approximate solution. Using
the FEA method, the approximate matrix equation of Eq. (17)
is :

MZ'(®) + C2'(0) + KZ' (1) = Fy(2) (18)

with initial conditions z'(0) and 2'(0) that can be obtained by
evaluating the initial conditions of Eq. (16) at nodal points.
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Fig. 3 Helicopter tail boom truss.
X, Xy w(0) = ®'Mz'(0), W(0) = D'Mz7'(0) (1)
0.14 0.14 Note that dimension k of the sensitivity equation (20) is not
) : 1.4903 1.4903 necessarily the same as dimension m of the original equation
* ‘ f [Eq. (!2)]. The coupled equatior} (20) can be solved by the
13 . 15 25 27 direct integration method to obtain w(). To evaluate F;(7) in
Eq (18)5 déu(Z”,Z—), Cous aéu(zaz-)y and léu(z-) in Eq (17) must be
1.6918 1.6918 computed for perturbation of each design parameter. Once w(f)
x X, is obtained, the approximate design sensitivity z'(#) can be ob-
b 2 tained from Eq. (19).
1.3658 1.3658 If the MAM was used for the original analysis, Eq. (19) is
<+ <4— modified to
14 16 y 26 f 28 | o
* * 1.4903 1.4903 2'(1) = ®w(r) + K~'Fyr) — DAT'OF,(1) 22)
0.14 0.14

a) Loads at section A b) Loads at section B

Fig. 4 Load data for tail boom truss..

For efficient computation of z'(¢), the same superposition
method used in Sec. III is used; i.e., let z'(r) be approximated

by
k

(0= D, wid = dw(r), m=<k<n

i=1

19

where m is the number of basis vectors used for the original
analysis, and k is the number of basis vectors used for the
sensitivity analysis. In Eq. (19), ¢' is either eigenvector y' or
the Ritz vector r' that satisfies Eqs. (10) and (11), ® =
[¢',¢7,....¢"], w(t) € R*, and D' M = .

Substituting Eq. (19) into Eq. (18) and premuitiplying the
resulting matrix equation by @,

Ww(t) + DTCPw(r) + OKPw(r) = F,(1) (20)

for t+ = 0, with initial conditions

where the basis vectors are all eigenvectors. For proportional
damping, w(¢) can be obtained from the uncoupled equation

Wi+ 2L+ wlw; = ¢7F D) 23)
instead of the coupled equation (20). For Rayleigh damping,
24w; in Eq. (23) is replaced with @ + Bw?, where a and 8 are
damping coefficients that define the damping matrix, C = aM
+ BK.

For design optimization of built-up structures with transient
dynamic response, treatment of the pointwise constraint is im-
portant. A general pointwise constraint on transient response
that must hold for all time and at every point of domain ) can
be defined as

glz(x,ru)u]l =0, x€Q,r€[0,7] (24)

The pointwise constraint of Eq. (24) can be approximated

using an equivalent functional constraint of the form,'

T
J f f {glz(x,t,u),ul}” dQ dr < 0
(1) Q

(25)

where
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{glzCx,t,u),ul}” = max {0,glz(x,t,u),ul} (26)
XE,

1€[0.77

Use of the functional of Eq. (25) provides the capability for
reducing constraint errors in Eq. (24) to near zero for some
problems.'® However, as the error approaches zero, the time
and physical domains over which the integrand is defined re-
duces to infinitesimal size and, thus, a singular functional oc-
curs. Also, it introduces an implicit assumption in the neces-
sary optimality conditions; i.e., the Lagrange multiplier function
for the constraint is either constant or zero throughout the time
and physical domains.

The second method of approximating Eq. (24) can be ob-
tained using a worst-case design technique

g[z(xi’ti’u)au] = O’ l = 1 ~ p (27)

Table 1 Design data for tail boom truss (modulus of elasticity
= 1.05D+07 psi; material density = 0.10 Ib/in.%)

Design variables

Design variable No. Member No. Value (in.?)

i 2,3 1.3750
1,4 1.3710

3 5,6,9,10 0.1375
4 7,8,11,12 0.1395
5 13,15 0.0415
6 14,16 0.082t1
7 17,18 0.0415
8 20,21 1.2420
9 19,22 1.2390
10 23,24,27,28 0.1741
11 25,26,29,30 0.1649
12 31,33 0.0415
13 32,34 0.1002
14 35,36 0.0415
15 38,39 1.0290
16 37,40 1.0280
17 41,42,45,46 0.2110
18 43,44 ,47,48 0.2295
19 49,51 0.0415
20 50,52 0.1371
21 53,54 0.0415
22 56,57 0.8221
23 55,58 0.8226
24 59,60,63,64 0.2365
25 61,62,65,66 0.2587
26 : 67,69 0.0415
27 68,70 0.1575
28 71,72 0.0415
29 74,75 0.5806
30 73,76 0.5830
31 77,78,81,82 0.2675
32 79,80,83,84 0.2883
33 85,87 0.0415
34 86,88 0.1934
35 89,90 0.0415
36 92,93 0.2299
37 91,94 0.2090
38 95,96,99,100 0.3295
39 97,98,101,102 0.3428
40 103,105 0.0564
41 104,106 0.1036
42 107,108 0.1987

where (x;;t;) are the local maximum points and p is the number
of local maximum points for the constraint g. This formulation
does not assume the Lagrange multiplier to be constant over
the time and physical domains. However, this method requires
a large amount of computational effort to locate the precise
local maximum points on the time and physical domains.
Moreover, the pointwise constraint may not be differentiable
at the local maximum points.

The third method of approximating the pointwise constraint
of Eq. (24) can be developed using an averaging multiplier
technique, '

T
J ff m(x,t,%,0)glz(x,t,u),u] dQ dt < O (28)
0 a

where the characteristic function m(x,t,%,t) is defined to be
zero everywhere except on a subdomain that contains the point
(£,1). On the subdomain, the characteristic function m has a
constant value and satisfies the condition

T
f ff m(x,t,%,0) dQ dt = 1 29)
o JJa

The characteristic function m approaches the Dirac distribution
as the subdomain shrinks to the point (%,7). Although some
error is involved in Eq. (28), quite good numerical results can
be obtained using the characteristic function m that is defined
on a finite subdomain. '’

The approximation methods given in Egs. (25) and (28) are
written in integral form. Thus, a general performance measure
can be written as

T
qf:j fJ' 2(z,Vz,u) dQ dt (30)
o a

where the transient response z of the built-up structure is de-
sign dependent; i.e., z = z(x,t,u). Taking a first-order design
variation of Eq. (30),

T
v =f ff [g:2" + go V7' + gdul dQ dr  (31)
0 Q

For the direct differentiation method, z'(¢) is obtained from
Eqgs. (19) and (20) for the LDRV method or from Egs. 20 [or
(23)] and (22) for the MAM. For the displacement at any point
in an element, the design sensitivity can be obtained by inter-
polating z'(f) at nodal points using the shape function. Once
Z'(x,t) is obtained, Eq. (31) can be evaluated numerically to
obtain the design sensitivity.

V. Structural Components

In this section, the energy bilinear and load linear forms of
the truss/beam and plane elastic solid/plate design compo-
nents are provided. The first variations of these forms that can
be used to evaluate Fx(¢) in Eq. (18) are derived.

A. Truss/Beam Design Component
The kinetic and strain energy bilinear forms of the truss/
beam structural component, shown in Fig. 1, are

Table 2 Sizing design sensitivity of transient displacements with respect to the first design variable for tail boom using 10
eigenvectors and 5 Ritz vectors at 0.016 s (a = 0.1318D+02, 8 = 0.2132D—04, 2% perturbation)

Node DOF W(u) AY v AV/V', % AV /Y, % AV /AY, % Y /Y, % YV, % V.V, %
25 x, 0.7429D+0 -0.1998D-2 -0.2030D-2 98.4 102.6 104.2 100.0 200.2 88.7
26 x; 0.5787D+0 -0.2477D-2 —0.2460D-2 100.7 100.4 100.0 100.1 103.5 121.5
27 x; 0.7430D+0 —0.1997D-2 ~—0.2029D-2 98.5 102.5 104.1 100.0 201.3 89.1
28 x, 0.5787D+0 -0.2477D—-2 —0.2460D~-2 100.7 100.5 99.8 100.1 103.6 121.1




1104 WANG AND CHOI: CONTINUUM DESIGN SENSITIVITY

Table 3 Sizing design sensitivity of transient displacements with respect to the first design variable for tail boom using 10
eigenvectors and 5 Ritz vectors at 0.047 s (a = 0.1318D+02, = 0.2132D—04, 2% perturbation)

Node DOF Y(u) AY v AV/¥' % AV /Y, % AV /AY, % YV, % V¥, % VY, %
25  x, 0.7033D+0 —0.3796D-2 —0.3803D-2 99.8 98.0 98.2 99.8 82.0 78.1
26  x, 0.4305D+0 —0.3052D-2 —0.3057D—2 99.8 99.8 99.9 100.3 99.2 98.9
27  x, 0.7032D+0 -0.3795D-2 —0.3801D-2 99.8 98.0 98.2 99.8 82.1 78.1
28 x, 0.4306D+0 —0.3052D-2 -—0.3057D-2 99.8 99.7 99.9 100.3 99.1 98.9

Table 4 Sizing design sensitivity of transient displacements with respect to the first design variable for tail boom using 15
eigenvectors at 0.016 s (« = 0.1318D+02, g = 0.2132D—-04, 2% perturbation)

Node DOF W(u) AY v AUV % AV /Y, % AV /AV, % Y /¥, % V¥, % V¥, %
25 x, 0.7410D+0 -0.20863D-2 -0.2062D-2 101.2 101.0 99.8 99.7 123.1 61.3
26 x;  0.5775D+0 —0.2466D—2 —0.2483D-2 99.3 99.4 100.1 99.9 91.8 97.4
27 x, 0.7410D+0 -0.2085D-2 —0.2060D—2 101.2 101.0 99.8 99.7 124.3 61.4
28 x, 0.5775D+0 —0.2466D—2 —0.2484D—2 99.3 99.5 100.2 99.9 91.1 §7.2

Table 5 Sizing design sensitivity of transient displacements with respect to the first design variable for tail boom using 15
eigenvectors at 0.047 s (« = 0.1318D+02, g = 0.2132D—04, 2% perturbation)

Node DOF  ¥(u) AY¥ v AV/¥' % AV, % AV AV, B V¥, % V¥, % VoV, %
25 x, 0.7047D+0 —0.3783D-2 -0.3773D—-2  100.3 98.8 98.5  100.0 86.4 98.6
26 x, 0.4303D+0 -0.3058D—2 —0.3057D—2  100.1 99.8 99.7 100.2 99.2 108.3
27  x, 0.7047D+0 —0.3783D-2 —0.3773D-2  100.3 98.8 98.5 100.0 86.4 98.6
28  x, 0.4304D+0 —0.3058D—2 —0.3057D—2  100.0 99.8 99.7 100.2 99.2 108.3

Table 6 Sizing design sensitivity of transient displacements with respect to the first design variable for tail beom using six
eigenvectors and three Ritz vectors at 0.016 s (a = 0.1318D+02, g = 0.2132D-04, 2% perturbation)

Node DOF (1) AY v AV /U, % AV /Y, % AV /AY, % Y /Y, % V¥, % Y./, %
25  x, 0.7268D+0 —0.2108D-2 —0.2114D-2 99.8 98.5 98.8 97.8 76.4 -59.5
26 x, 0.5855D+0 —0.2303D-2 —0.2320D-2 99.2 106.4 107.2 101.3 264.0 189.8
27  x 0.7269D+0 —0.2108D-2 —0.2113D-2 99.8 98.4 98.7 97.8 76.7 -59.1
28  x, 0.5855D+0 —0.2303D-2 —0.2321D-2 99.2 106.5 107.3 101.3 261.4 189.2

Table 7 Sizing design sensitivity of transient displacements with respect to the first design variable for tail boom using six
eigenvectors and three Ritz vectors at 0.047 s (a = 0.1318D+02, 8 = 0.2132D—04, 2% perturbation)

Node DOF V(1) AY v AV/V' % AV /Y, % AV AV, % YV, % YV, % /Y, %
25 x, 0.7023D+0 —0.3538D-2 -0.3577D-2 98.9 104.2 105.3 99.6 138.6 72.8
26 x, 0.4314D+0 —0.3089D-2 —0.3018D-2 102.3 101.0 98.7 100.5 98.6 115.4
27  x, 0.7024D+0 —0.3536D-2 —0.3575D—2 98.9 104.2 105.4 99.7 138.5 73.1
28 x, 0.4314D+0 —0.3091D-2 -0.3020D-2 102.3 101.0 98.7 100.5 98.6 115.1

Table 8 Sizing design sensitivity of transient displacements with respect to the first design variable for tail boom using seven
eigenvectors at 0.016 s (o = 0.1318D+02, g = 0.2132D—04, 2% perturbation)

Node DOF WY(u) AY v AV/V', % AV /Y, % AV AV, % YV /¥, % Y.V, % V.V, %
25 x, 0.7361D+0 —0.20733D-2 —0.2077D-2 99.8 100.2 100.4 99.1 132.6 26.2
26 x, 0.5811D+0 —0.2339D—2 —0.2342D-2 99.9 105.4 105.6 100.5 246.7 133.9
27  x, 0.7361D+0 —0.2072D-2 —0.2076D—2 99.8 100.2 100.4 99.1 134.6 26.3
28 x, 0.5811D+0 —0.2340D—2 —0.2343D-2 99.9 105.5 105.6 100.5 243.6 133.8

Table 9 Sizing design sensitivity of transient displacements with respect to the first design variable for tail boom using seven
eigenvectors at 0.047 s (o = 0.1318D+02, g = 0.2132D—-04, 2% perturbation)

Node DOF V(u) AY v AU/, % AV V', % AV AV, % Y /V, % V¥, % Y /¥, %
25 x, 0.7027D+0 -0.3787D-2 —0.3787D—2 100.0 98.4 98.4 99.7 85.4 73.9
26 x, 0.4317D+0 -0.3077D—2 —0.3058D-2 100.6 99.7 99.1 100.4 98.7 117.7
27  x, 0.7027D+0 —0.3785D-2 —0.3786D—-2 100.0 98.4 98.5 99.7 85.4 74.0

28 x; 0.4312D+0 -0.3078D-2 -0.3059D-2 100.6 99.7 99.1 100.4 98.7 117.5
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L 3
d z,,2) = f P<h 2 ZinZi T 124‘1;2_4> dx, (32)
0

i=1

L
a,(z,?) =f (Ehz, 2,y + Elszy 22y
o

+ Elz; 1250 + GJzy,424,) dx, (33)

where z;, z,, and z; are the axial displacement and two or-

15 @

thogonal lateral displacements, respectively; z, is the angle of
twist; and z = [21,22,23]T. In Eqs. (32) and (33), p is the mass
density, £ the Young’s modulus, G the shear modulus, and A,
I, I, and J are the cross-sectional area, two moments of in-
ertia, and the torsional moment of inertia, respectively. Also,
the dissipative energy due to Rayleigh damping is

'
f Zc,z, dxy = ad(2,,2) + Balz,,7) (34)
4}

where @ and B are damping coefficients. Note that bending
and torsional terms are excluded from the energy bilinear forms
when only the truss component is considered.

The load linear form of the external loads shown in Fig. 1 is

i=1

L 3
1(2) = f (21‘12‘,- + T2, + Myzy, + Msz'z.l) dx,  (35)
4]

vhere fi, f,, and f; are the axial and two orthogonal lateral
oads, respectively. Also, T, is the torque, and M, and M, are
~o moments. If only the truss component is considered, tor-
onal load and bending moment are excluded.
The first variations of the energy bilinear and load linear
rms of Eqs. (32—-35) can be taken as

L 3
dsz4,2) = J p(hu PERY ,uZ4.ttZ-4> dudx;  (36)
0

i=1

L
as(z,2) = J (Eh,z) 12, + Ely 2y 120 + EL 23 1731
0

Fig. 5 Member numbering for the first panel. ot GJ uzsZe,)0u dx, (37
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Fig. 6 Comparison of y displacement at node 27 using the LDRV method and MAM.
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Fig. 7 Comparison of y velocity at node 27 using the LDRV method and MAM.
L 2 2
f ze 2, dxv, = ady(2,9) + Baslz.2) (38) afz,2) = f f [h > o) + 3 > 0'"(23)60(2_3)](19
0 Q ij=1 ij=1

L 3
I(2) = f (Z s+ Truia + My, 235, + Mluz-z,,)au dx,
0 i=1
(39

where subscript u denotes the derivatives of terms with respect
to design variable u.

Consider a performance measure representing a displace-
ment at a discrete point £; as

T AL
Y, = f f 8(x, — #))z dx, dr (40)
0 [

where & is the Dirac delta distribution. The first variation of
the performance measure ¥, is

T L
v = f f 8(x, — £z’ dx, dt 1)
0 (4]

B. Plane Elastic Solid/Plate Design Component

Consider the plane elastic solid/plate structural component
in Fig. 2. The sizing design variable u = h(x,,x,) is the thick-
ness of the structural component. The kinetic and strain energy
bilinear forms of the structural component are

3
dz,,2) = fj ph z ZinZi daQ (42)
[¢] i=1

43)

where v = [z,,2,]” for the plane elastic solid component. AlSo,
the dissipative energy due to Rayleigh damping is

f J 2,2, dQ = ad(z,2) + Baz,.2) 44)
Q

where « and § are damping coefficients. Note that the bending
terms are excluded from the energy bilinear form when only
the plane elastic solid structural component is considered.

The load linear form of the external loads shown in Fig. 2
is

3 2
12 = f D fEd+ | D Tz dl 45)
Q i=1

I2 j=1)

where f|, f,, and f; are two inplane loads and a lateral load,
respectively, and T = [T,,T,]" is a traction load. The lateral
load is excluded only if the plane elastic solid structural com-
ponent is considered.

The first variations of the energy bilinear and load linear
forms of Egs. (42—-45) are

3
d(2,2) = f f p Y z4Z8h Q) (46)
Q

i=1
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Fig. 8 Comparison of y acceleration at node 27 using the LDRV method and MAM.

N lo
a3, (z,2) = f j [Z I WED) + = >, 0'"(23)6"(2'3)]8h aQ
Q Lij=1 3i,j:1
47
ff zc 2z, dQ = ads(2,,2) + Basfz,,2) (48)
Q

3 2
L) = f > fiaZibhdQ + | D T,iohdl (49)
Q i=1

I2 =i

where subscript # denotes the derivatives of terms with respect
to design variable A.

Consider a performance measure representing a displace-
ment at a discrete point £ as

T
v, = f j j 8(x — #)z dQ dr (50)
0 0

The first variation of the performance measure ¥, is

. «
\P§=f ff 8(x — £z’ dQ dr (51)
0 Q

VI. Numerical Example

The design sensitivity of pointwise displacements of two un-
damped structures,'® a 25-member transmission tower with 18
DOF and a 108-member helicopter tail boom with 72 DOF,
are discussed in Refs. 20 and 21, respectively. The helicopter
tail boom with Rayleigh damping is studied here using the
LDRV method and MAM. The damping coefficients are

0.13184+02 and 0.2132d—04 for « and B, respectively. This
structure is subject to suddenly applied loads. For this struc-
ture, design variables are the cross-section areas and perfor-
mance measures are the displacements of critical points.”

ANSYS? is used to obtain stiffness and mass matrices, and
the eigenvalue problem is solved using EISPACK. A Fortran
program is written to generate Ritz vectors, and the Wilson 6
method is used for direct integration of the coupled matrix
equation in the LDRV method. In the MAM, the Newmark 3
method is used for direct integration of the uncoupled equa-
tion. In this study, an Alliant FX /8% is used to obtain the
design sensitivity using parallel computation.

LDRY vectors generated using the original load of Eq. (8)
might not be a good basis for the fictitious load of the sensi-
tivity equation (18). However, regenerating LDRV vectors at
every time step would be very expensive. If the MAM of Eq.
(22) is used, the basis vectors do not have to be updated since
the fictitious load is taken care of in Eq. (22). The tail boom
truss is used to compare these two methods.

The geometry and dimensions of a 108-member helicopter
tail boom truss are shown in Fig. 3 and the load data are shown
in Fig. 4. The design data and initial design are given in Table
1. The first five natural frequencies, computed by EISPACK,
are 34.20, 35.51, 69.93, 98.13, and 101.44 Hz. The time step
of 0.0001 s is used for analysis of both original and sensitivity
equations. Sizing design sensitivity of pointwise displacements
with respect to the first design variable, using the LDRV method
and MAM at 0.016 and 0.047 s, which are the first and the
second peak times are given in Tables 2—9. In Tables 2-9,
the responses in the y direction of the last four nodes only are
given because maximum displacements occur at these tip nodes.
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Fig. 9 Comparison of sensitivity prediction using the LDRV method and MAM.

The first design variable is the cross-section areas of members
2 and 3, as shown in Fig. 5.

The central finite difference is denoted by AY = [V(ux +
ou) — V(u — 8u)]/2, and ¥’ is the computed design sensitivity
prediction. The ratio between A¥ and ¥’ times 100 is used
as a measure of accuracy of the design sensitivity computation.
That is, 100% agreement means that the predicted change is
exactly the same as the finite difference result. When AV is
too small, this accuracy measure may fail to give correct in-
formation because AW may lose numerically significant digits.
On the other hand, if AV is too large, the finite difference
may contain nonlinear terms. Subscript £ denotes the solution
that was obtained using full basis vectors with the analytical
integration. In these tables, AW, /W' and AV /AV are used to
check the accuracy of design sensitivity with the central finite
difference of the solution with full basis. ¥g/V¥, ¥¢/¥, and
Y./ represent agreements between displacements, veloci-
ties, and accelerations obtained with full and less than full bases,
respectively.

Results of the LDRV method using 10 eigenvectors and 5
Ritz vectors are shown in Tables 2 and 3. Tables 4 and 5 con-
tain results of the MAM using 15 eigenvectors. Results of both
methods are excellent: the error in AW/’ is <3% for the
LDRYV method and is <2% for the MAM. Results of the LDRV
method using six eigenvectors and three Ritz vectors are shown
in Tables 6 and 7. Tables 8 and 9 contain results of the MAM
using seven eigenvectors. These are the minimum numbers of
bases that produce <10% error in AW;/¥’ for each method.
For the LDRV method, results of these tables indicate that the
basis vectors for the original load are good for the fictitious
load of the sensitivity equation. However, results of the MAM
are slightly better than those of the LDRV method because the

displacement using the MAM is updated at every time step
using the fictitious load. The time histories of displacement,
velocity, acceleration, and sensitivity prediction in the y di-
rection at node 27, where the maximum displacement occurs,
are given in Figs. 6-9, respectively. In Figs. 6-9, responses
of the LDRV method using six eigenvectors and three Ritz
vectors are solid lines, responses of the MAM using seven
eigenvectors are dot-dashed lines, and responses of the full
basis are dashed lines. In the beginning, responses of both
methods using the minimum bases do not agree with responses
of the full basis, but become very close after 0.04 s.

VII. Conclusions

A unified continuum-based sizing DSA method for the tran-
sient dynamic response of built-up structures, utilizing the di-
rect differentiation and superposition methods, has been pro-
posed. This method is very efficient since derivatives of stiffness
and mass matrices are not required. Furthermore, derivatives
of basis vectors that demand large computational effort are not
required. Last, use of the LDRV method or the MAM makes
this method inexpensive and improves the accuracy of analysis
results and, thereby, the accuracy of sensitivity. A helicopter
tail boom truss with Rayleigh damping using the LDRV method
and MAM is studied, and very good design sensitivity results
of the pointwise transient response are obtained. The minimum
bases that produce <\10% error in the sensitivity prediction are
six eigenvectors and three Ritz vectors for the LDRV method
and seven eigenvectors for the MAM. For this numerical ex-
ample, the same number of basis vectors that are used for anal-
ysis of the original structure is enough for analysis of the de-
sign sensitivity equation.
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